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Abstract
In this paper, we introduce vast generalizations of the Hardy–Berndt sums. They in-
volve higher-order Euler and/or Bernoulli functions, in which the variables are affected
by certain linear shifts. By employing the Fourier series technique we derive linear
relations for these sums. In particular, these relations yield reciprocity formulas for
Carlitz, Rademacher, Mikola´s and Apostol type generalizations of the Hardy–Berndt
sums, and give rise to generalizations for some Goldberg’s three-term relations. We also
present an elementary proof for the Mikola´s’ linear relation and a reciprocity formula
in terms of the generation function.
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1 Introduction
For integers a and c with c > 0, the classical Dedekind sum s(a, c) is defined by
(1) s(a, c) =
c−1∑
v=1
((v
c
))((av
c
))
,
where
((x)) =
{
x− [x]− 1/2, if x 6∈ Z,
0, if x ∈ Z,
with [x] being the largest integer ≤ x.
Analogous to Dedekind sum there are six arithmetic sums, known as Hardy sums or
Hardy–Berndt sums, defined by
S(a, c) =
c−1∑
µ=1
(−1)µ+1+[aµ/c] , s1 (a, c) =
c−1∑
µ=1
(−1)[aµ/c]
((µ
c
))
,
s2 (a, c) =
c−1∑
µ=1
(−1)
µ
((aµ
c
))((µ
c
))
, s3(a, c) =
c−1∑
µ=1
(−1)
µ
((aµ
c
))
,
1
s4(a, c) =
c−1∑
µ=1
(−1)
[aµ/c]
, s5(a, c) =
c−1∑
µ=1
(−1)
µ+[aµ/c]
((µ
c
))
.
Dedekind sum appears in the transformation formulas of the logarithms of the Dedekind
eta-function, while Hardy–Berndt sums appear in the transformation formulas of the log-
arithms of the classical theta functions [7, 19]. Goldberg [19] showed that Hardy–Berndt
sums also arise in the study on the Fourier coefficients of the reciprocals of the classical
theta functions and in the theory of rm(n), the number of representations of n as a sum of
m integral squares. Moreover, Dedekind sum and its generalizations occur in various areas
such as topology [23, 45], algebraic geometry [34, 44], combinatorial geometry [5, 31] and
algorithmic complexity [24].
One of the most important properties of these sums is their reciprocity formula: it plays a
key role in proving a bias phenomena [2], distribution properties [22,28] and unboundedness
[10, 28, 35] of the sums. Let a and c be coprime positive integers. Then,
s(a, c) + s(c, a) = −
1
4
+
1
12
(
a
c
+
c
a
+
1
ac
)
and [7, 19]
S(a, c) + S(c, a) = 1, if a+ c is odd,(2)
s1(a, c)− 2s2(c, a) =
1
2
−
1
2
(
1
ac
+
c
a
)
, if a is even,(3)
2s3(a, c)− s4(c, a) = 1−
a
c
, if c is odd,(4)
s5 (a, c) + s5 (c, a) =
1
2
−
1
2ac
, if a+ c is even.(5)
Let Bn (x) = Bn (x− [x]) is the nth Bernoulli function with Bn(x) being the nth
Bernoulli polynomial [1, p. 804]. One of the various generalizations of the Dedekind sum,
due to Hall, Wilson and Zagier [21], is
(6) sp,q
(
a b c
x y z
)
=
c−1∑
v=0
Bp
(
a
v + z
c
− x
)
Bq
(
b
v + z
c
− y
)
,
where Bp (x) = Bp (x) for p 6= 1, and B1 (x) = ((x)) . This sum contains generalized
Dedekind sums previously-defined by Carlitz [15] (see also [43])
(7) sp(a, c : x, y) =
c−1∑
v=0
Bp
(
a
v + y
c
+ x
)((
v + y
c
))
,
Rademacher [36]
(8) s(a, c : x, y) =
c−1∑
v=0
((
a
v + y
c
+ x
))((
v + y
c
))
,
2
Mikola´s [30] (see also [14])
(9) sp,q(a, b, c) =
c−1∑
v=0
Bp
(av
c
)
Bq
(
bv
c
)
and Apostol [3]
(10) sp(a, c) =
c−1∑
v=0
Bp
(av
c
)((v
c
))
.
It should be mentioned that Hall and Wilson [20] classified all linear relations (reciprocity
formulas) for the sums sp,q(a, b, c) and sp,q(a, 1, c), and it emerged that Mikola´s’ relations
form a complete set [30, Eq. (5.5)] (see also [20, Eq. (8)]). Moreover, Hall, Wilson and
Zagier’s reciprocity formula is in terms of the generating function
G

 a b cx y z
X Y Z

 = ∑
p,q≥0
1
p!q!
sp,q
(
a b c
x y z
)
(X/a)
p−1
(Y/b)
q−1
.
Theorem 1 ( [21, Theorem]) Let a, b, c be pairwise coprime positive integers, x, y, z ∈ R,
and let X, Y, Z be nonzero variables such that X + Y + Z = 0. Then
G

 a b cx y z
X Y Z

+ G

 b c ay z x
Y Z X

+ G

 c a bz x y
Z X Y


=
{
−1/4, if (x, y, z) ∈ (a, b, c)R+ Z3,
0, otherwise.
For further generalizations of the Dedekind sum, for example, see [4,6,16,17,29,37,43,45].
Several generalizations of the Hardy–Berndt sums have also been introduced [9, 11–13,
18, 26, 27, 29, 40, 41], some of which also obey reciprocity formula [9, 11–13, 18], and various
properties have been studied such as finite trigonometric and infinite series representations
[8, 11, 19, 39], three-term relations [19, 33, 38], distribution properties [28], unboundedness
[10, 28], Petersson–Knopp identity [27, 42] and mean value [25, 26, 32]. However, to the
author’s knowledge, generalizations of the Hardy–Berndt sums in the sense of (6), (7), (8)
and (9), have not been studied.
By employing the Fourier series technique we demonstrate a formula for the product
Bp (X + Y )Bq (Y ) (see (17) below), motivated by the second proof of [21, Proposition].
This formula permits to easily produce linear relations for generalizations of the afore-
mentioned sums. This paper is concerned with the generalizations of the Hardy–Berndt
sums in the sense of (6). They involve higher-order Euler and/or Bernoulli functions, so
we call these sums higher-order Hardy–Berndt sums. Reciprocity formulas for Carlitz (7),
Rademacher (8), Mikola´s (9) and Apostol (10) type generalizations immediately follow from
linear relations of higher-order Hardy–Berndt sums. In addition, derived formulas give rise
to generalizations for some Goldberg’s three-term relations [19, Chapter 5] (see also [33,38]).
All linear relations proved in this paper are derived from (17). By changing the pa-
rameters in (17) and summing the resulting expressions, we obtain all linear relations for
3
generalized Hardy–Berndt sums in this paper (see the proofs of Theorems 2, 4, 5). Moreover,
(17) enables an elementary proof for the Mikola´s’ linear relation [30, Eq. (5.5)] or [20, Eq.
(8)]. This will be presented in Section 4. Besides that in Section 3.4, we offer a reciprocity
formula in terms of the generating function.
For instance, a generalization of the sum S (a, c) , introduced here, is
Sp,q (a, b, c : x, y, z) =
c−1∑
µ=0
(−1)
µ
Ep−1
(
a
µ+ z
c
+ x
)
Eq−1
(
b
µ+ z
c
+ y
)
,
where En (x) is the nth Euler function defined by, for 0 ≤ x < 1 and m ∈ Z,
(11) En (x) = En (x) and En (x+m) = (−1)
m
En (x) , n ≥ 0,
and En (x) denotes the nth Euler polynomial [1, p. 804].
We shall prove the following linear relation, which is analogue of the Mikola´s’ relation [30,
Eq. (5.5)].
Theorem 2 Let a, b and c be pairwise coprime positive integers with a+ b+ c even. Then,
for p, q ≥ 1 and x, y, z ∈ R we have
a1−pb1−qSp,q (a, b, c : x, y, z)(12)
=
p∑
j=1
(
p− 1
j − 1
)
a1−jc1+j−p−qSp+q−j,j (c,−a, b : z, x, y)
+
q∑
h=1
(
q − 1
h− 1
)
(−1)
h
b1−hc1+h−p−qSp+q−h,h (c, b, a : z,−y, x) .
In particular, if p = q = 1, (12) gives the following three-term relation
(13) S1,1 (a, b, c : x, y, z)− S1,1 (c,−a, b : z, x, y) + S1,1 (c, b, a : z,−y, x) = 0.
For x = y = z = 0, (13) reduces to Goldberg’s three-term relation [19, Theorem 5.2]
(cf. [33, Eqs. (3.2)–(3.4)])
(14) S (a, b, c) + S (c, a, b) + S (c, b, a) = 1,
where
S (a, b, c) =
c−1∑
µ=1
(−1)µ+1 E0
(aµ
c
)
E0
(
bµ
c
)
= −S1,1 (a, b, c : 0, 0, 0) + 1,
and S1,1 (c,−a, b : 0, 0, 0) = S (c, a, b) + 1 by the reflection identity
(15) En (−x) = (−1)
n−1
En (x) , if n 6= 0 or x 6∈ Z.
Moreover, (12) yields the following reciprocity formula for the sum
Sp (a, c : x, z) = Sp,1 (a, 1, c : x, 0, z) =
c−1∑
µ=0
(−1)
µ
Ep−1
(
a
µ+ z
c
+ x
)
E0
(
µ+ z
c
)
,
which is Carlitz (7) type generalization (without doubt also Rademacher (8) and Apostol
(10) type generalizations) of S (a, c).
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Corollary 1 Let a and c be coprime positive integers with a+ c odd. Then, for p ≥ 1 and
x, z ∈ R we have
(16) acpSp (a, c : x, z) + ca
pSp (c, a : z, x) =
p∑
j=1
(
p− 1
j − 1
)
ap+1−jcjEp−j (z) Ej−1 (x) .
It is clear that (2) is immediate consequence of both (14) and (16).
2 Main theorem
In this section we will prove the following identity, which is the key to derive linear relations
for higher-order Hardy–Berndt sums.
Theorem 3 For X,Y ∈ R and p, q ≥ 1, we have(
p+ q
q
)
Bp (X + Y )Bq (Y )(17)
=
p+q∑
j=0
(
p+ q
j
)(
p+ q − 1− j
q − 1
)
Bp+q−j (Y )Bj (X)
+
q∑
h=0
(
p+ q
h
)(
p+ q − 1− h
p− 1
)
(−1)
h
Bp+q−h (X + Y )Bh (X) .
Before proving this, we consider the special case q = 1. For p ≥ 1 and q = 1, (17) reduces
to
(p+ 1)Bp (X + Y )B1 (Y ) =
p+1∑
j=0
(
p+ 1
j
)
Bp+1−j (Y )Bj (X)(18)
+ pBp+1 (X + Y )− (p+ 1)Bp (X + Y )B1 (X) .
This is nothing but Lemma 3 of Taka´cs [43] and holds for p ≥ 1 and any X, Y . Taking
X → −X and then Y → Y +X in (18) give
(r + 1)Br (Y )B1 (Y +X) =
r+1∑
j=0
(
r + 1
j
)
Br+1−j (Y +X)Bj (−X)
+ rBr+1 (Y )− (r + 1)Br (Y )B1 (−X) .
Here, using the reflection identity
(19) Bp (−x) = (−1)
p
Bp (x) , if p 6= 1 or x 6∈ Z,
according to X 6∈ Z or X ∈ Z, it is seen that
(r + 1)Br (Y )B1 (Y +X) =
r+1∑
j=0
(
r + 1
j
)
(−1)
j
Br+1−j (Y +X)Bj (X)(20)
5
+ rBr+1 (Y ) + (r + 1)Br (Y )B1 (X) ,
which corresponds to (17) for the case p = 1 and q ≥ 1.
So, it is enough to show that (17) is true for p ≥ 2 and q ≥ 2. For this, we recall the
Fourier series representation
(21) Bp (x) = −
p!
(2pii)p
∞∑
m=−∞
m 6=0
e2piimx
mp
, (see [1, p. 805])
where x ∈ R if p > 1, and x 6∈ Z if p = 1.
Proof of Theorem 3. Let Ap = −p!/(2pii)
p. From (21), we have
Bp (X + Y )Bq (Y )
ApAq
=
∞∑
m=−∞
m 6=0
∞∑
n=−∞
n6=0
e2pii((m+n)(X+Y )−nX)
mpnq
(22)
=
∑
m+n=0
′ e−2piinX
mpnq
+
∑
m+n6=0
′ e2pii((m+n)(X+Y )−nX)
mpnq
.
Here and in the sequel, we write
∑
′
for
∞∑
m=−∞
m 6=0
∞∑
n=−∞
n6=0
= lim
M→∞
M∑
m=−M
m 6=0
lim
N→∞
N∑
n=−N
n6=0
.
We make the substitution n = r −m to write (22) as
(23)
Bp (X + Y )Bq (Y )
ApAq
= (−1)q
Bp+q (X)
Ap+q
+
∑
m 6=r
′ e2pii(rY+mX)
mp (r −m)
q .
We now utilize the following partial fractions in (23):
1
xp (1− x)
q =
p−1∑
j=0
αp−j
xp−j
+
q−1∑
l=0
βq−l
(1− x)
q−l
,
where αp−j =
(
q+j−1
j
)
, 0 ≤ j < p and βq−l =
(
p+l−1
l
)
, 0 ≤ l < q. We then deduce
∑
m 6=r
′ e2pii(rY+mX)
mp (r −m)q
(24)
=
p−1∑
j=0
αp−j
∑
m 6=r
′ e2pii(rY+mX)
mp−jrq+j
+
q−1∑
l=0
βq−l
∑
m 6=r
′ e2pii(rY+mX)
rp+l (r −m)
q−l
.
It is not difficult to see that
(25)
∑
m 6=r
′ e2pii(rY+mX)
mp−jrq+j
=
Bp−j (X)Bq+j (Y )
Ap−jAq+j
−
Bp+q (X + Y )
Ap+q
.
6
Similar to (23), we have
Bq (X)Bp (X + Y )
AqAp
=
∞∑
k=−∞
k 6=0
∞∑
r=−∞
r 6=0
e2pii(kX+r(X+Y ))
kqrp
= (−1)
q Bp+q (Y )
Ap+q
+
∑
m 6=r
′ e2pii(rY+mX)
(m− r)
q
rp
,
which yields
(26)
∑
m 6=r
′ e2pii(rY+mX)
rp+l (r −m)
q−l
= (−1)
q−l Bp+l (X + Y )Bq−l (X)
Ap+lAq−l
−
Bp+q (Y )
Ap+q
.
Combining (23), (24), (25), (26) and using the fact
p−1∑
j=0
αp−j =
p−1∑
j=0
(
q + j − 1
j
)
=
(
q + p− 1
p− 1
)
,
after simplifications, we arrive at(
p+ q
q
)
Bp (X + Y )Bq (Y )(27)
=
(
p+ q − 1
q − 1
)
Bp+q (Y ) +
p∑
j=1
(
p+ q
j
)(
p+ q − 1− j
q − 1
)
Bj (X)Bp+q−j (Y )
− (−1)
q
Bp+q (X) +
(
p+ q − 1
p− 1
)
Bp+q (X + Y )
+
q−1∑
l=0
(
p+ q
q − l
)(
p+ l − 1
p− 1
)
(−1)
q−l
Bp+l (X + Y )Bq−l (X) .
This is equivalent to (17) for p ≥ 2 and q ≥ 2 since(
p+ q − 1− j
q − 1
)
=
{
0, if p+ 1 ≤ j ≤ p+ q − 1,
(−1)
q−1
, if j = p+ q.
Hence, (17) holds for p ≥ 1 and q ≥ 1 from (18), (20) and (27).
3 Higher-order Hardy–Berndt sums
As mentioned in the introductory section, linear relations for higher-order Hardy–Berndt
sums are deduced from (17) with the following multiplication formulas: if r is positive
integer, then (see [1, p. 804])
(28) Bn (x) = r
n−1
r−1∑
v=0
Bn
(
x+ v
r
)
, n ≥ 0,
7
if r is odd positive integer, then
(29) En (x) = r
n
r−1∑
v=0
(−1)
v
En
(
x+ v
r
)
, n ≥ 0,
if r is even positive integer, then
(30) En−1 (x) = −
2
n
rn−1
r−1∑
v=0
(−1)
v
Bn
(
x+ v
r
)
, n ≥ 1.
3.1 Generalizations of the sums s1(a, c) and s2(a, c)
Let a, b and c be positive integers with c even. We first set
X =
v + x
a
−
u+ y
b
, Y =
µ+ z
c
+
u+ y
b
in (17) and multiply both sides with (−1)
µ
. Then summing over v (mod a) , u (mod b) and
µ (mod c) , with the use of (28) and (30), we deduce that
a1−pb1−q
c−1∑
µ=0
(−1)
µ
Bp
(
a
µ+ z
c
+ x
)
Bq
(
b
µ+ z
c
+ y
)
= −
q
2
p∑
j=0
(
p
j
)
1
aj−1cp+q−j−1
b−1∑
u=0
Ep+q−j−1
(
c
u+ y
b
+ z
)
Bj
(
−a
u+ y
b
+ x
)
−
p
2
q∑
h=0
(
q
h
)
(−1)h
bh−1cp+q−h−1
a−1∑
v=0
Ep+q−h−1
(
c
v + x
a
+ z
)
Bh
(
b
v + x
a
− y
)
,
where we have used that the sum over µ is zero for j = p+ q. The observations
c−1∑
µ=0
E0
(aµ
c
)
B1
(µ
c
)
= s1 (a, c) + E0 (0)B1 (0)
and
c−1∑
µ=0
(−1)µ B1
(aµ
c
)
B1
(µ
c
)
= s2 (a, c) + B1 (0)B1 (0) ,
suggest to define
S(1)p,q (a, b, c : x, y, z) =
c−1∑
µ=0
Ep−1
(
a
µ+ z
c
+ x
)
Bq
(
b
µ+ z
c
+ y
)
,
S(2)p,q (a, b, c : x, y, z) =
c−1∑
µ=0
(−1)µ Bp
(
a
µ+ z
c
+ x
)
Bq
(
b
µ+ z
c
+ y
)
.
Hence, we have proved that these sums satisfy the following linear relation.
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Theorem 4 Let a, b and c be positive integers with c even. Then, for p, q ≥ 1 and x, y, z ∈ R
we have
a1−pb1−qS(2)p,q (a, b, c : x, y, z)(31)
= −
q
2
p∑
j=0
(
p
j
)
a1−jc1+j−p−qS
(1)
p+q−j,j (c,−a, b : z, x, y)
−
p
2
q∑
h=0
(
q
h
)
(−1)h b1−hc1+h−p−qS
(1)
p+q−h,h (c, b, a : z,−y, x) .
While considering special cases, we need the following lemma.
Lemma 1 Let a and c be coprime positive integers with a odd. Then,
a−1∑
µ=0
Ep
(
c
µ+ x
a
+ z
)
= a−pEp (az + cx) , if c is even,(32)
a−1∑
µ=0
(−1)
µ
Ep
(
c
µ+ x
a
+ z
)
= a−pEp (az + cx) , if c is odd.(33)
Proof. If c is even, then
a−1∑
v=0
Ep
(
c
v + x
a
+ z
)
(30)
= −
2
p+ 1
cp
c−1∑
j=0
a−1∑
v=0
(−1)
j
Bp+1
(
v + x
a
+
j + z
c
)
(28)
= −
2cpa−p
p+ 1
c−1∑
j=0
(−1)
j
Bp+1
(
aj
c
+
az
c
+ x
)
=−
2cpa−p
p+ 1
c−1∑
j=0
(−1)
j
Bp+1
(
j
c
+
az
c
+ x
)
,
(c even and
a odd)
(30)
= a−pEp (az + cx) .
Let c be odd. We substitute cv = µ+ akµ and see that
a−1∑
v=0
(−1)
v
Ep
(
cv + cx
a
+ z
)
=
a−1∑
µ=0
(−1)
µ+akµ Ep
(
µ+ cx
a
+ z + kµ
)
(11)
=
a−1∑
µ=0
(−1)
µ
Ep
(
µ+ cx
a
+ z
)
, a odd
(29)
= a−pEp (cx+ az) .
Now we mention some special cases of (31). Let a, b and c be pairwise coprime positive
integers with c even. For p = q = 1, we have
S
(1)
1,1 (c, b, a : z,−y, x)− S
(1)
1,1 (c,−a, b : z, x, y)− 2S
(2)
1,1 (a, b, c : x, y, z)
9
=
a
c
S
(1)
2,0 (c,−a, b : z, x, y) +
b
c
S
(1)
2,0 (c, b, a : z,−y, x) .
Since
S
(1)
2,0 (c, b, a : z,−y, x) =
a−1∑
v=0
E1
(
c
v + x
a
+ z
)
(32)
=
1
a
E1 (az + cx) ,
we arrive at the three-term relation
S
(1)
1,1 (c, b, a : z,−y, x)− S
(1)
1,1 (c,−a, b : z, x, y)− 2S
(2)
1,1 (a, b, c : x, y, z)(34)
=
a
bc
E1 (bz + cy) +
b
ac
E1 (az + cx) .
Invoking that E1 (0) = −1/2, (34) reduce to (cf. [19, Theorem 5.12])
(35) S
(1)
1,1 (c, b, a)− S
(1)
1,1 (c,−a, b)− 2S
(2)
1,1 (a, b, c) = −
1
2c
(
a
b
+
b
a
)
,
where S
(k)
1,1 (a, b, c) = S
(k)
1,1 (a, b, c : 0, 0, 0) , k = 1, 2.
It is clear that S
(2)
1,1 (a, 1, c) = s2 (a, c)+1/4, S
(1)
1,1 (c, 1, a) = s1 (c, a)−1/2, and S
(1)
1,1 (c,−a, 1) =
−1/2. Thus, (35) implies (3), i.e.,
s1 (c, a)− 2s2 (a, c) =
1
2
−
1
2
(
a
c
+
1
ac
)
.
Additionally, using that B1 (1/2) = 0, (35) yields
S
(1)
1,1 (2, b, a)− S
(1)
1,1 (2,−a, b) =
1
2
−
1
4
(
a
b
+
b
a
)
,
or equivalently can be written as
s1 (2a
′, b) + s1 (2b
′, a) =
1
2
−
1
4
(
a
b
+
b
a
)
,
where aa′ ≡ 1 (mod b) , bb′ ≡ 1 (mod a) .
Furthermore, (31) implies a reciprocity formula for the Carlitz type generalizations of
s1 (a, c) and s2 (a, c) as in the following corollary.
Corollary 2 Let a and c be coprime positive integers with c even. Then, for p ≥ 1 and
x, z ∈ R we have
pcapS(1)p (c, a : z, x)−2ac
pS(2)p (a, c : x, z) =
p∑
j=0
(
p
j
)
ap+1−jcjEp−j (z)Bj (x)+pEp (az + cx) ,
where S
(k)
p (a, c : x, z) = S
(k)
p,1 (a, 1, c : x, 0, z) , k = 1, 2.
Proof. The proof follows by setting q = b = 1, y = 0 in (31) and using that
S
(1)
p+1,0(c, 1, a : z, 0, x) =
a−1∑
µ=0
Ep
(
c
µ+ x
a
+ z
)
(32)
= a−pEp (az + cx) .
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3.2 Generalizations of the sums s3(a, c), s4(a, c) and s5(a, c)
To introduce higher-order generalizations of the sums sk(a, c), k = 3, 4, 5, we set
X =
v + x
da
−
u+ y
db
, Y =
µ+ z
dc
+
u+ y
db
, where d is even,
in (17) and multiply both sides with (−1)
µ+v
. Summing over v (mod da) , u (mod db) and
µ (mod dc) , with the use of (28) and (30), we see that
−
p
2
(da)
1−p
(db)
1−q
dc−1∑
µ=0
(−1)
µ
Ep−1
(
a
µ+ z
c
+ x
)
Bq
(
b
µ+ z
c
+ y
)
=
q
4
p∑
j=1
(
p
j
)
j
(da)
1−j
(dc)
p+q−j−1
db−1∑
u=0
Ep+q−j−1
(
c
u+ y
b
+ z
)
Ej−1
(
−a
u+ y
b
+ x
)
−
p
2
q∑
h=0
(
q
h
)
(−1)
h
(db)
1−h
(dc)
p+q−h−1
da−1∑
v=0
(−1)
v
Ep+q−h−1
(
c
v + x
a
+ z
)
Bh
(
b
v + x
a
− y
)
(sums over v and µ are zero for j = 0 and j = p+ q, respectively). We set
S(3,5)p,q (a, b, c : x, y, z) =
c−1∑
µ=0
(−1)
µ
Ep−1
(
a
µ+ z
c
+ x
)
Bq
(
b
µ+ z
c
+ y
)
,
S(4)p,q (a, b, c : x, y, z) =
c−1∑
µ=0
Ep−1
(
a
µ+ z
c
+ x
)
Eq−1
(
b
µ+ z
c
+ y
)
since the first sum generalizes both of the sums s5 (a, c) and s3 (b, c) (cf. (38) and (40)
below), and the second sum generalizes s4 (a, c) (cf. (41) below). It is not hard to see that
if a+ c is even, then
S(3,5)p,q (da, db, dc : x, y, z) = dS
(3,5)
p,q (a, b, c : x, y, z)
and if a+ b is even, then
S(4)p,q (da, db, dc : x, y, z) = dS
(4)
p,q (a, b, c : x, y, z) .
Hence, we arrive at the following linear relation.
Theorem 5 Let a, b and c be pairwise coprime positive integers with a+ c even. Then, for
p, q ≥ 1 and x, y, z ∈ R we have
a1−pb1−qS(3,5)p,q (a, b, c : x, y, z)(36)
= −
q
2
p∑
j=1
(
p− 1
j − 1
)
a1−jc1+j−p−qS
(4)
p+q−j,j (c,−a, b : z, x, y)
+
q∑
h=0
(
q
h
)
(−1)
h
b1−hc1+h−p−qS
(3,5)
p+q−h,h (c, b, a : z,−y, x) .
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As a consequence of (36) with
S
(3,5)
2,0 (c, b, a : z,−y, x) =
a−1∑
v=0
(−1)
v
E1
(
cv + cx+ az
a
)
(33)
=
1
a
E1 (cx+ az) ,
we have the following three-term relation
S
(3,5)
1,1 (a, b, c : x, y, z) +
1
2
S
(4)
1,1 (c,−a, b : z, x, y) + S
(3,5)
1,1 (c, b, a : z,−y, x)(37)
=
b
ac
E1 (cx+ az) ,
a generalization of [19, Theorem 5.6]. In addition, if b = 1 and x = y = z = 0, we have
S
(4)
1,1 (c,−a, 1 : 0, 0, 0) = 1 and
(38) S
(3,5)
1,1 (a, 1, c : 0, 0, 0) = s5 (a, c)−
1
2
.
Thus, (37) implies (5):
s5 (a, c) + s5 (c, a) =
1
2
−
1
2ac
.
Using that
S
(3,5)
p+1,0 (c, 1, a : z, 0, x) =
a−1∑
µ=0
(−1)
µ
Ep
(
c
µ+ x
a
+ z
)
(33)
= a−pEp (az + cx) ,
the relation (36) implies the following reciprocity formula.
Corollary 3 Let a and c be coprime positive odd integers. Then, for p ≥ 1 and x, z ∈ R we
have
acpS(5)p (a, c : x, z) + ca
pS(5)p (c, a : z, x)(39)
= −
1
2
p∑
j=1
(
p− 1
j − 1
)
ap+1−jcjEp−j (z)Ej−1 (x) + Ep (az + cx) ,
where S
(5)
p (a, c : x, z) = S
(3,5)
p,1 (a, 1, c : x, 0, z) .
Moreover, for a = 1 and x = y = z = 0, we have S
(3,5)
1,1 (c, b, 1 : 0, 0, 0) = E0 (0)B1 (0) =
−1/2,
(40) S
(3,5)
1,1 (1, b, c : 0, 0, 0) = s3 (b, c)−
1
2
,
and
(41) S
(4)
1,1 (c,−1, b : 0, 0, 0) = −s4 (c, b) + 1.
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In this case, (37) implies (4):
2s3 (b, c)− s4 (c, b) = 1−
b
c
.
Let
S(3)q (b, c : y, z) =
c−1∑
µ=0
(−1)
µ
Bq
(
b
µ+ z
c
+ y
)
E0
(
µ+ z
c
)
,
S(4)q (c, b : z, y) =
b−1∑
µ=0
Eq−1
(
c
µ+ y
b
+ z
)
E0
(
µ+ y
b
)
.
Then, the sums S
(3)
q (b, c : y, z) and S
(4)
q (c, b : z, y) satisfy the following reciprocity formula,
which also generalizes (4).
Corollary 4 Let b and c be coprime positive integers with c odd. Then, for q ≥ 1 and
y, z ∈ R we have
2bcqS(3)q (b, c : y, z)− qcb
qS(4)q (c, b : z, y) = 2
q∑
h=0
(
q
h
)
bq+1−hchEq−h (z)Bh (y) .
Proof. For p = a = 1 and x = 0, (36) reduces to
2bcqS
(3,5)
1,q (1, b, c : 0, y, z) = −qcb
qS
(4)
q,1 (c,−1, b : z, 0, y)
+ 2
q∑
h=0
(
q
h
)
(−1)
h
bq+1−hchEq−h (z)Bh (−y) .
We now use (15) and (11) to see that
S
(4)
q,1 (c,−1, b : z, 0, y)
(15)
= −
b−1∑
µ=0
µ6=µy
Eq−1
(
c
µ+ y
b
+ z
)
E0
(
µ+ y
b
)
+ δ (y) Eq−1
(
c
µy + y
b
+ z
)
E0
(
−
µy + y
b
)
= −
b−1∑
µ=0
Eq−1
(
c
µ+ y
b
+ z
)
E0
(
µ+ y
b
)
+ δ (y) Eq−1
(
c
µy + y
b
+ z
)(
E0
(
µy + y
b
)
+ E0
(
−
µy + y
b
))
(11)
= −S(4)q (c, b : z, y) + 2Eq−1 (z) δ (y) ,
where δ (y) = 1 and µy + y ≡ 0 (mod b) if y ∈ Z, and δ (y) = 0 if y 6∈ Z. By the similar way,
it can be seen from (19) and the fact B1 (0) = −1/2 that
2
q∑
h=0
(
q
h
)
(−1)
h
bq+1−hchEq−h (z)Bh (−y)
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=2
q∑
h=0
(
q
h
)
bq+1−hchEq−h (z)Bh (y) + 2qcb
qEq−1 (z) δ (y) .
This completes the proof.
We would like emphasize that aforementioned sums S
(3)
q (b, c : y, z) , S
(4)
q (b, c : y, z) and
S
(5)
q (b, c : y, z) are Carlitz (7) type generalizations of the sums sk (b, c) , k = 3, 4, 5, respec-
tively.
3.3 Proof of Theorem 2
For even a+ b+ c, it can be seen that
(42) Sp,q (da, db, dc : x, y, z) = dSp,q (a, b, c : x, y, z) .
To obtain (12) we set
X =
v + x
da
−
u+ y
db
, Y =
µ+ z
dc
+
u+ y
db
, where d is even,
in (17) and multiply both sides with (−1)
v+u+µ
.We then sum up over v (mod da) , u (mod db)
and µ (mod dc) , with the use of (30), and find that
(da)1−p (db)1−q Sp,q (da, db, dc : x, y, z)
=
p∑
j=1
(
p− 1
j − 1
)
(da)1−j (dc)1+j−p−q Sp+q−j,j (dc,−da, db : z, x, y)
+
q∑
h=1
(
q − 1
h− 1
)
(−1)h (db)1−h (dc)1+h−p−q Sp+q−h,h (dc, db, da : z,−y, x)
(the sums over v, µ and u are zero for j = 0, j = p+ q and h = 0, respectively). Hence (12)
follows from (42).
3.4 Hall-Wilson-Zagier type reciprocity formulas
In this part we shall prove a reciprocity formula for Sp,q in terms of the generating function.
In this case, the key identity is [21, Proposition]. For simpler result, we modify the definition
of Sp,q as
Sp,q
(
a b c
x y z
)
=
c−1∑
µ=0
(−1)
µ
Ep−1
(
a
µ+ z
c
− x
)
Eq−1
(
b
µ+ z
c
− y
)
,
where Ep (x) = Ep (x) when p 6= 0 or x 6∈ Z, and E0 (x) = 0 when x ∈ Z. Following Hall,
Wilson and Zagier [21], we define the generating function
Ω

 a b cx y z
X Y Z

 = ∑
p,q≥1
1
p!q!
pq
4
Sp,q
(
a b c
x y z
)
(X/a)
p−1
(Y/b)
q−1
.
The following reciprocity formula holds.
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Theorem 6 Let a, b, c be pairwise coprime positive integers. Let x, y, z ∈ R, and X, Y, Z
be nonzero variables such that X + Y + Z = 0. Then, for even d,
Ω

da db dcx y z
X Y Z

+Ω

dc da dbz x y
Z X Y

+Ω

db dc day z x
Y Z X


=
{
(−1)
a0+b0+c0+1 /4, if (x, y, z) = (da, db, dc)R+ (a0, b0, c0) ,
0, otherwise,
where a0, b0, c0 ∈ Z, R ∈ R.
Proof. Utilizing the multiplication formula
−
p
2
Ep−1 (x) = r
p−1
r−1∑
v=0
(−1)
v
Bp
(
x+ v
r
)
, r even,
the sum Sp,q
(
da db dc
x y z
)
can be written as
pq
4
(da)
1−p
(db)
1−q
Sp,q
(
da db dc
x y z
)
=
∑
µ,v,u
(−1)
µ+v+u
Bp
(
µ+ z
dc
−
v + x
da
)
Bq
(
µ+ z
dc
−
u+ y
db
)
,
where
∑
µ,v,u
=
∑
µ(mod dc)
∑
v(mod da)
∑
u(mod db)
. Set
w1 =
µ+ z
dc
−
v + x
da
and w2 =
u+ y
db
−
µ+ z
dc
.
Then,
(43) Ω

da db dcx y z
X Y Z

 = ∑
p,q≥0
∑
µ,v,u
(−1)
µ+v+u
Bp (w1)Bq (−w2)
Xp−1Y q−1
p!q!
,
where we have used that
∑
p,q≥1
Bp (w1)Bq (−w2)
Xp−1Y q−1
p!q!
=
∑
p,q≥0
Bp (w1)Bq (−w2)
Xp−1Y q−1
p!q!
−
1
Y
∑
p≥0
Bp (w1)
Xp−1
p!
−
1
X
∑
q≥0
Bq (−w2)
Y q−1
q!
and ∑
µ,v,u
(−1)
µ+v+u
Bp (w1) =
∑
µ,v,u
(−1)
µ+v+u
Bq (−w2) = 0.
Thus, the proof follows from (43) and [21, Proposition].
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Similar reciprocity formulas can be derived for the sums
S(1)p,q
(
a b c
x y z
)
=
c−1∑
µ=0
Ep−1
(
a
µ+ z
c
− x
)
Bq
(
b
µ+ z
c
− y
)
,
S(2)p,q
(
a b c
x y z
)
=
c−1∑
µ=0
(−1)µBp
(
a
µ+ z
c
− x
)
Bq
(
b
µ+ z
c
− y
)
and
S(3,5)p,q
(
a b c
x y z
)
=
c−1∑
µ=0
(−1)Ep−1
(
a
µ+ z
c
− x
)
Bq
(
b
µ+ z
c
− y
)
,
S(4)p,q
(
a b c
x y z
)
=
c−1∑
µ=0
Ep−1
(
a
µ+ z
c
− x
)
Eq−1
(
b
µ+ z
c
− y
)
.
4 Proof of Mikola´s’ linear relation
Let a, b and c be positive pairwise coprime integers. Setting
X =
v + x
a
−
u+ y
b
, Y =
µ+ z
c
+
u+ y
b
in (17), then summing over v (mod a) , u (mod b) and µ (mod c) , with q = r+1 and p = m−r,
it is seen that(
m+ 1
r + 1
)
ar+1bm−rcmsm−r,r+1
(
a b c
x y z
)
− (−1)
r
cm+1Bm+1 (bx− ay)
=
m−r∑
j=0
(
m+ 1
j
)(
m− j
r
)
am+1−jcjbmsm+1−j,j
(
c − a b
z x y
)
+
r+1∑
h=0
(
m+ 1
h
)(
m− h
m− 1− r
)
(−1)
h
bm+1−hchamsm+1−h,h
(
c b a
z − y x
)
.
Setting sm,r (a, b, c) = sm,r
(
a b c
0 0 0
)
and using the reflection identity (19), we have(
m+ 1
r + 1
)
ar+1bm−rcmsm−r,r+1 (a, b, c)
+
m−r∑
j=1
(
m+ 1
j
)(
m− j
r
)
(−1)
j+1
am+1−jcjbmsm+1−j,j (c, a, b)
+
r+1∑
j=1
(
m+ 1
j
)(
m− j
m− 1− r
)
(−1)
j+1
bm+1−jcjamsm+1−j,j (c, b, a)
=
{
(−1)r cm+1 +
(
m
r
)
am+1 +
(
m
r + 1
)
bm+1
}
Bm+1 (0)
16
− (m+ 1)
(
m− 1
r
)
(ab)
m
cBm (0) ,
which is equivalent to [20, Eq. (8)] and [30, Eq. (5.5)].
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